How to quantify quantum entanglement degree 
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Since the density matrix possesses the essential property of hnear decomposition and Unear 
I superposition of quantum states, it only can be used to describe quantum states. So the 

, entanglement contained in a density matrix is just the quantum entanglement. This means 

^ . a bipartite state described by a density matrix contains quantum entanglement, unless the 

' density matrix can be expressed by a direct product of the subsystem's density matrices 

Pab — Pa® Pb- Thus the quantum entanglement degree between A and B systems can be 
I (-h ', determined by the expanding coefhcients according to A or B system's orthonormal bases of 

the density matrix pab- 



■ PACS numbers: 03.67.Mn, 03.65. Ud 



X 



^ and Bell [3]. The nonlocality and the coherence of quantum 



Quantum entanglement is a ver^ important^henomenon since it is proposed by Einstein, Podol- 
*^ \ sky and Rosen [it, Schrodinger 

■ entangled systems makes them have important applications in quantum information, such as in 

! quantum teleportation [j] (for experimental realization see j^), quantum cryptographic schemes 



[g], dense coding and quantum parallel computation Q]. T^ 
. tanglement degree of bipartite pure states has been well done 



re quantifying of the quantum en- 



a 



but how to define and quantify 
other complex systems' quantum entanglement degree is still a very hard problem [lo| . 

Since any bipartite quantum system has a corresponding (reduced) density matrix to describe 
it, we can study the bipartite quantum entanglement degree through its density matrix. It's 
well known that the density matrix is composed of the state vectors of linear Hilbert space, so 
the density matrix has the property of linear decomposition and linear superposition which is the 
unique property of quantum states, therefore a density matrix cannot be used to describe a classical 
state, it only can be used to describe quantum state. Speaking concretely, there isn't quantum 
correlation between classical states, so a superposition of several classical states cannot create new 
state through linear decomposition and recombination. On the contrary, if a system is described 
by the density matrix p = X]iKlV'j)('0i|) the system's state isn't limited to the range {l^/'i)}. The 
measuring result of the system can be any linear combination state ifj' of the states which 
makes tr{p\ijj'){il)' \) nonzero. This is because the states in the density matrix p can be freely 
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linearly decomposed and recombined to create new states. This means the states in a density 
matrix are quantum entangled together. So the entanglement present in a density matrix is just 
the quantum entanglement. This means that only the density matrix which can be expressed by 
a direct product of the subsystem's density matrices pab = PA ® Pb doesn't contain quantum 
entanglement. Any other density matrix, including the following form 111 ]: 



PAB = ^Pipf^pf, (1) 

i 

where pi satisfy Pi = ^ and pf and pf are the density matrices of the two subsystems, contains 
quantum entanglement. 

Obviously this conclusion contradicts the point of the scientists who considered the entanglement 



in Eq.(l) is classical entanglement 1014121]. As we have carefully discussed above, the state in Eq.(l) 
is a quantum state in which the states {pf pf} get entangled with each other through quantum 
superposition, thus has quantum entanglement. Besides this point there are two other evidences to 
prove our conclusion. Firstly consider the three systems: A, B and C, if A gets quantum entangled 
with BC system group through a pure state: 

\iPaBc) =Y.VP^\^^BiCi), (2) 

i 

where {] Aj)}, {J-Bi)} and {JCj)} are the orthonormal bases of the corresponding systems, the density 
matrices describing A and B entanglement and A and C entanglement are: 

PAB = J2Pi\^^^i)i^i^i\^ PAC = ^Pi\AiCi) {AiCi\ . (3) 

i 

If the point of the references 



1Ch12|] is right, there isn't quantum entanglement between A and B 
systems and A and C systems. But this conclusion contradicts a logical fact: if A gets entangled 
with BC system group, A must get entangled with at least one of B and C systems, otherwise A 
will get not entangled with BC system group. It is a logical fact that speaks for itself. Obviously 
only accepting the point that Eq.(l) contains quantum entanglement can resolve this question. 

Another evidence can be found in quantum teleportation. Suppose B system is far away from A 
system and A and C systems are in a same location, and A, B and C systems are in the following 
quantum states: 

PAB = ]^{\AiBi){AiBi\ + \A2B2){A2B2\) , \^c) = ciJCi) + csJCs) . (4) 
Perform an union measurement of A and C systems to obtain one of the following possible states: 

\i^ACl) = ^(l^lCl) + \A2C2)) , |VaC2> = ^(l^l^l) - \A2C2)) , 
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iV'ACs) = ^(l^iC^2) + \A2C1)) , \^aca) = ^(l^iC2) - \A2Cr)) , (5) 
accordingly B system will change its state to one of the following possible states: 

PBl = \cif\Bi){Bi\ + \c2f\B2){B2\, PB2 = PBl , 

PB3 = \C2\^\Bi){Bi\ + \cif\B2){B2\ , PB4 = pB3 ■ (6) 

Prom Eqs.(6) we find B system is still in quantum state, and B system state contains part of the 
information of C system state-the module squares of the expanding coefficients of C system state. 
On the other hand, if use the well accepted quantum entangled state 

\4^ab) = ^i\A,B,) + \A2B2)), (7) 

to replace the AB state in Eqs.(4) to perform the above experiment, we will obtain one of the 
following possible B system states according to the possible measuring results of Eqs.(5): 

PBl = \ci\^\B^){B^\+c^c;\Bi){B2\+C2cl\B2){Bi\ + \c2\^\B2){B2\, 

PB2 = \cif\Bi){Bi\-Ci4\Bi){B2\-C2cl\B2){Bi\ + \c2\'^\B2){B2\, 
PB3 = \c2\'^\Bi){Bi\+C2cl\Bi){B2\+CiC*2\B2){Bi\ + \ci\'^\B2){B2\, 

PBA = \c2\''\Bi){Bi\ - C2cl\Bi){B2\ - Cicl\B2){Bi\ + \ci\^\B2){B2\ . (8) 

Compare this result with Eqs.(6) we find the B system states in Eqs.(8) contain more information 
of C system state-the relative phase of the expanding coefficients ci and C2 . Therefore the quantum 
information channel as) {'>P Ab\ in Eq-(7) is larger than the quantum information channel pAS in 
Eqs.(4). However we cannot conclude the information channel pAB in Eqs.(4) doesn't have the 
ability to transport quantum information. Since pab can transport quantum information, it must 
contain a certain kind of quantum entanglement between A and B systems. 

Prom the above discussion it is obvious the quantum entanglement degree in Eq.(7) is larger 
than that in Eqs.(4). Compare the two equations it is believed that the increase of the quantum en- 
tanglement degree of Eq.(7) comes from the two more terms \\A-\) (A2 |-Bi) {B2 \ + 5 1^2) (^1 1-B2) {Bi \ 
in the density matrix of Eq.(7) and the states of A and B systems in the two more terms are 
different from those in the other terms. In general it can be concluded that the quantum entan- 
glement degree of A and B systems can be determined by the expanding coefficients according to 
A or B system's orthonormal bases of the density matrix pab- If A system's orthonormal bases 
are = l...n}, and B system's orthonormal bases are {\Bi),i = l...m}, expand the density 
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matrix pab according to A system's orthonormal bases: 



n 



PAB = Pn'\^i){^' 



(9) 



i,i'=l 



where the expanding coefficients {pw} can be written as follows: 



m 



Pw = 



(10) 



If all of {pii'} are same, A and B systems will not get quantum entangled with each other, so the 
more different the different {pw} are, the more large the quantum entanglement degree between 
A and B systems is. The difference between different {pw} can be determined by the following 
quantity 



The matrix X is a Hermitian matrix, so it can be diagonalized by an unitary matrix. This is 
equivalent to linear recombining the B system's states {pw} to a set of orthonormal bases. The 
rank of matrix X, i.e. the number of nonzero diagonal elements of the diagonalized matrix X, 
is just the number of the orthonormal bases of the B system's states {pu'}. Obviously the more 
large the rank of matrix X is, the more large the quantum entanglement degree between A and B 
systems is. But it is difficult to use matrix X to quantify quantum entanglement degree, since the 
values of the matrix elements of X reflect not only the probability of the different states {pw} in 
the density matrix pab and the difference between the different states {pw}, but also the difference 
between pure states and mixed states (the trace of the square of pure state density matrix is 1, but 
the trace of the square of mixed state density matrix is less than 1), and the latter is nothing to 
do with the quantum entanglement degree of A and B systems. Up to the present we still haven't 
found a suitable method to quantify the quantum entanglement degree of a general quantum state. 

In general, we discuss how to determine the quantum entanglement degree of a general quantum 
state described by a density matrix. We clarify the important facts that density matrices can only 
be used to describe quantum states and the entanglement contained in density matrices is just 
quantum entanglement. Under this point most of the quantum separable states people regarded 
as before, such as the bipartite state in Eq.(l), are in fact quantum entangled states, unless the 
density matrix of it can be expressed by a direct product of the subsystem's density matrices. 

So the quantum entanglement degree of A and B systems can be determined through the 
expanding coefficients according to A or B system's orthonormal bases of the density matrix pab 
(see Eqs.(9, 10)). Obviously the different expanding coefficients {pw} are more different, the 



m 



3,j' 



(11) 
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quantum entanglement degree is more large. The difference between different expanding coefficients 
can be quantified by the Hermitian matrix X in Eq.(ll). Unfortunately, it is difficult to use matrix 
X to quantify quantum entanglement degree, since the values of the matrix elements of X reflect 
not only the probability of the different states {pw} in the density matrix p^s and the difference 
between the different states {pw}, but also the difference between pure states and mixed states, and 
the latter is nothing to do with the quantum entanglement degree of A and B systems. Therefore 
a method of quantifying the quantum entanglement degree of a general quantum state is absent up 
to the present. However we should realize that the physics is a practical science and a mathematic 
definition without practical application isn't the thing we need, so it is always not too late for us 
to quantify quantum entanglement degree until we find the practical application of it. 
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